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We provide a comparison of two independent methodelogies for the allocation of world greenhouse gas
level. Both methodologies make use of the solution of a ‘Stage 1" world emission

Abstract
emission reduclions on a regional
reduction problem. This exploits techniques of mathematical programming to produce an optimal emission reduction
strategy for the world by maximizing an economic utiity function. We accomplish the regional allocation of the
optimal world emission reduction strategy, firstly, via the solution of an anxiliary optimization problem minimizing
disruption from the sc-called “business ws uwsual® omission strabegy. Secondly, regional allocations are made via an
application of a game theorelic concept called the Shapley value. Here we view regions as players in a ‘cooperative
ic function, what is an equitable share of the

game’ in which we bry lo answer the guestion: Given the characte:
benefils/costs of cooperation to a particular player? The analysis illustrates that allocations of regional CO» emission
reductions are not anly methodology dependent bul also sensitive to targets placed on global COy concentrations,
it is hoped that such analyses will help the international community narrow the range of environmental targets to

one that might contain a realis

1. Introduction

There is a growing concern that emissions of carbon
dioxide {CO4) and other radiatively active frac
or greenbouse gases from human activitic
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might
cause an wncrease in the Parth’s surface temperature,
and change the Barth’s climale through the enhanced
greenhouse effect. This global change will nol only
manifest itgelf in altered patterns of surface tempera-
ture and precipitation, but might also canse impacts,

such as droughts, sea lovel rise, shift in the grow-

ing zones for vegetation {both natural and agricol-

tural), and changes in the supply of freshwater, et
These diverse impacis could certainly induce great
econemic, social and political changes. Sea level rise
may threaten denscly populated low-lying couniries
as well as damage coastal areas and ecosystems. On
the other hand climate change can also provide bene-
aple, increased rainfall

fits to some countries, for exs
or longer growing seasons in the present marginal ar-
eas for crop production will enly be welcomed by the

affected regions.

Al first sight, it might appear that global environ-
mental problems such as the greenhouse effect have
ne relation to the subjects of mathematical program-
ming and /or game theory, However, the widely antic-
ipated international agreements on the reductions in
undoubtedly, in-
volve complex tradoffs among the sig
agreements. Prior to the signing of such a trealy, the
participating countries will, presumably, have an un-

emissions of greenhouse gases will,

atories of sach

derstanding of a scheme that apporiions shares of the
cost of these reductions. This paper adopts the poing
of view thai these agreements and subsequent cost
allocations can, and perhaps, should, be regarded as
a two-stage problem of the {orm:

cally achievable emission

reduction strategy.

Btage 1: Find Y, a world COq emission sirategy,

that
maximizes  C{U)
ER
i) gii=0 iel
)y @wivy=1 1<l

where (U} is a world economic utility function
(Nordhaus, 1994), ¢;(U), p; (U} and g{V) represent
coomomie dynamics, climabe dynamics and the envi-
Omes an

ronmental targel constraints respectively,
. g .
optimal TY is oblained from above:

Stage 2: Find u,, a reglonal 0y emission stralegy

T Uv.

L

{for each world region r) satislying »

We accomplish {he regionalization via two indepen-

sod on mathernatical program-
Firstly, in the

dent mothodologies |
ming and game theory respectively,
mathematical programming approach we find the so-
Tution of an auxiliary optimization problem:

minimizes Doy, we, o, )
i) Tow=U

et < ou, < A, ut
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where v — 1,

the level of
the so called

D is a function that captures
“disruption’ caused by deviations from
husiness as wsual (Ball) strategy (uf 2}
Clonstraint (i) provides consistency with international

agreements and (i} ensure that no world region is re-

where

! )
TN 1

quired to reduce ibs U0y emissions by an unrealisti-
cally large, or simall amount.



Secondly, regionalization of emission reductions are
accomplished via an application of a game theoretic
concept known as the Shapley value! | In impleent-
ing the Shapley value we regard world reglons as play-
ers who join an initizlly empty coalition one by one
until the grand coalition [ {a coalition containing all
the players} is formed. Each coalition A (a subset
of 1) must know its value v(K), representing the op-
timal benefit/vost which players in K can guarantes
for themselves no maltter what the re
do. The Shapley value assigns to each player a share
in the benefit/cost reflecting this accounting. Meore

5

waining play
precisely,
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which defines a vector
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However, this allocation need not be stable, in the
could, perhaps,

sense thatl certain coalitions of playe

do better for themselves by brealing away from the

e

grand coalition /. If that is 1 then for the
Shapley value to be implemented there either must be
a general acceptance of the rationale behind it, or a
central authority capable of enflorcing that allocation.

he oe

s

2. The Model

2.1 OMEGA-+ Environmenial Optimizer

In Filar et al (1995), an
stage optimization process is developed using the con-
pled economic/global climate model OMEGA {Op-
timization Model for Economic and Greenhouse As-
sessrrient, Filar eb al, 1995 and Janssen, 1995}, The
OMEGA+ envivonmental oplimizer (Figure 1) cou-
ples the prominent DICE (Dynamic Integrated model
of Climate and Beonomy) climaie and economy model
(Nordhaus, 1994) with that of a mathematical sys-
tem (Braddock et al, 1994 and Zapert, 19#4) extract-
ing the core of the global clirnate model IMAGE 1.0
{Integrated Bodel to Assess the Greenhouse Bffe
Rotmans 1990). DICE s pruvarily an economic op-
timization model with highly simplified climate dy-

thodology invelving a two

namics. The model caleulates oplimal trajectories for
both caprlel acoumuluizon and greenhouse gas cmis-
atom reductions by maximizing a discounted value of
‘utifity’ or satisfaction from consumption subject to
economic and geophysical constraints, The inlegrated
modular system of IMAGE 1.0 incorporates relatively
stmple modides of the main components of the global
climate system.

The OMEGA+ two stage environmental opiimizer
solves, in Stage I, a world emussion reduction profb-
{em producing an oplimal emission reduction strategy
for the world by maximizing an economic utiiity func-
tion. Stage 2, addrasses a regronal ermusston veduction

LA Shapley value solution determines a unique disburse-
ment of the benefits/costs solely by the use of a chavacteristic
function of the game (2g., see Owen, 1963).
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Figure 10 The OMI

solution of an auxiliary

allocation problem vis the
tintization problem min
so-called business as usual ermission scenario®.

Oy

lsruption from the
He-
gional allocations are made on a four reglon basis
ORCD, former USSR and Bastern Burope, China and
centrally planned Asia, and the Rest of the World
{BoW).

are those with a population of al least one mition or
a GNP of at least US $1 bo (Economist Books, 1980).
To simphify equations we will denote the four regions

NIELE

st

The 145 countries comprising these regions

as reglon |, 203 and 4 respectively.

2.2  Cooperative Game Approach

in Filar and Gaertner 1895, the solution to the above
Stage 2 problem Is considered as a ‘cooperative gamc’
{Jones, 1980} whose solution is based on the Shapley

value concept. In & cooperative game we are particu-
larly inte ed in the formation of coalitions between

soonomic costa are assumed

players. This is becausce
to be in monetary lorm and that coalitions will act o

. Hence, given a charecteris
fie fanction® | we try to answer the question: What is

minumize heir joint ¢

an equitahle share of the benefits/costs of cooperation
to any particular player?” The outcome of o cooper-

&

ative game i viewed as a digtribubion of the tobal
available benefits/costs amongst the varions players.
A possible distribution of available benefits/costs s

isfy:

calledd an smpulelion. An imputation must s

oy < pld) for all {0 individaoal rationality

iy N a = el(h

deally, the final outecome of a cooperative game would
¥ I g

be a unigue imputation arrived at via s bargaining
procedure conducted by plavers who are motivaled

collective rationality.

by maximizing their individual ubilities. The Shapley
value solution suggests one rational way of uniquely
dividing the benefit/cost among the players,

Zin the business as ususl emission scenarie economic growkh
wadly
coal because of the higher prives of decreasing o1l and gas re-

sif fuel conswmpbion, esp

is based on an increase in {o

Irn this scenario environmental concerns neither alter

flife nor lead to any substantial effort to reduce greaen-

house gas emissions,
A characteristic function is simply a function defining the

worth, H{R) of any particular coalition /. as defined carlier.



3. World Emnissions Reduction Problem

Stage | of the OMEGA4+ model poses the fo
world emission reduction optimization probl(ﬁm with
decision variables s} = {21 {1), s2{t)), where 2, (¢] de-
fines the rafe of OOy cmussion reductions at time ¢
and za(f) defines rate of muestment 1w langible capi-
tal ab time £, Following Mordhaus (1994} we assume
that the levels of decision variables change linearly
over fixed time intervals of ten vears.

Hlowing

max f{z)

5.1
B,(z) < pO0O, £ = L000,2010, . ..2100
0<z<]
where f{z} defines a world economic utility function

(Filar et al,
constraints at which we fix the limits on atmospheric
Oy concentration, pU0R.

This stage is solved utilizing the penalt

and the Powell direction set method (Press
and Hrent, 107%) for a time horizon that ¢
the year 2100. However, we generally do not present
model resualts Tor time periods bevond the vear 2080
s as fo avoild reporting resulls that may be unduly

1995), ®,(z) define environmental target

v methord
et al, [U88
sncls Lo

distorted by the existence of an artificial model ter-
mination date.
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Figure 20 Atrnosphere GGy Concentration Targets
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Figure 51 Atmosphere COy Erission Targets

Figure {3} shows world COq ernission levels that
need to be adhered to in order to maximize economic
growth while still achieving our environmental target
of 400 ppin {parts per million), see Figure (2). It
s worth mentioning that the results are sensifive to
this target. In Filar et al (1995), we show that consid-
erably smaller emission reductions need to be made
when the target is relaxed to 500 ppm.

4. Regional Allocations via Global Optimiza-
tion

The optimization approach to the Stage 2 regional al-
location preblem is based on the solution of an aux-
ilary optimization problem, minimizing reductions
from regional business as usual emission levels subject
t0 these reductions being consistent with the stratesy
UV found in Stage 1, and regional praciical con-
Stage 1 results into regional
values w{t) vields a minimization problen:

‘ Ay
i E ; welul{l)

skraints. Decomposing

~ e ())°

5.4,

Z w, = 1"

Ty < ;"U,.u.f‘

for all ¢ {3)

(i) v, uf‘ for all »,1

where (1) consists of ‘practical’ constraints such as:
but ne more
usual scenario emissions.

permitiing o region to emit at least m, Y%,
than AL.9%4 busin
We define wy to be the weight associated with region
r,and w (1) to be the regional emissions due Lo the
business as usual scepario (1POC, 1002) in year L
MNote that £3) will be & convex program in the decision
variables u.{{) and hence a global mintmuam should

of 1ts

255 N

be coraputable, and provide “moonom disturbence’
tal being

emissions for each region, subject to Lhe to

Weighis on time
Because of the availability

the ‘pptimal’ emissions from Stage 1.
pertods are also possible.
of data the decision times in the Stage 2 problem will

be taken at ten year intervals.

The constrained minimization of Stage 2 was per-
formed using the constrained optimization toolbox
within MATLAB 4.2 (MATLAR, 1092). The solution

i based on the salution of the Kuhn-

methodology
Tucker (KT

ficient conditions for optimalit
For a comprehensive overview of global optimization
gee Horst and Pardalos, 1895, The results of this
analyvals are shown in Figure (4} below.

sary and suf
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Figare 4: Optimization Experiments

in the above Mpemn:*m» the upper Hmit on the

practical constraint (i) of the formulation in (3] was

get ab M. = 1, for the business as usual {Ball) ¢
nario. Thus no region was allowed to emit levels of

Tt s possible that Ay could be more than 100% thus al-

lowing vegion 's C0; emissions to exceed those of the business

as usual scenario,



{05 above their business as usual scenario. The lower
limit m, was set to the highest value below A4 that
provided a feasible solution. Consequently, the solu-
tion will provide the minimum disruption from the
business as usual scenario for each reglon and sat-
isfy the environmental target conditions. The regions

were all given equal importance, thus reglonal weights
were wy = | for 7= 1, ..., 4. Notice, that nntil 2040
all four regions have nearly the same emission reduc-
tions. Of course, this does not mean smission reduc-
tions are uniform over all regions, sinve a reduction
of 1 GtC {gigatons of carbon) of £20; in region |
{OECD) would not mean the same as a 1 GtC re-
duction in region 4 {Rest of the World), Note also
that by the yvear 2080 the reductions demanded from
OECD and the Hest of the World are almost twice
thase required from the former USSH & Fastern Hu-
rope.
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5. Regional Allocations via Shapley Value

The Shapley value solution to the allocation prob-
lem, besides determining a unigue disbursement of
the benefits/costs solely by the characteristic Tunc-
tion of the game, has built into o a certain equity
principle. This solution might therefore be a strong
contender for the st
one which ‘rational players’ ought to acc

solution, ie,
pt.

stus of & ‘normative’

We begin constructing the characteristic function
by introducing the netion of a flow f;; from region

i to region j which is intended Lo capture the d

gres
of relative dependence (or fear’} of ¢ on §. Thus we
want f;; € [0, Hand 57, . fi; = Limplying that the
sut: of these dependencies over all reglons excluding
i aisell Is one. While there may be many ways of
deriving such dependencies, for iustration purposes
we propose 1o use:

Thus, rather crudely, the above suggests that the
dependence of £ on § is proportional to 7' GNP, how-
aver, the importance of that dependence is properly
reflected by the ratio of j's GNP to the sum of Lthe
(GNP's of all the regions obther than 7. This 1s becanse
if, hypothetically, 7 refused to trade with 1, that Joss
could be compensated by trade with other regions,
8.t
ble 1) obtained

the flows are

In our four region network (Fig
computed using recent GNP data [Ta
from the World Bank, {1000)}.

Total Bxports

World Region

(US & }m)

USSR & B.E. (2)
China & sia {3}
ROW (4)

Total 20263, ‘}u 43

Table I Regional E "'po:is and GNP

notion

We wish to combine the interdependency
modelled with f ;s with the notion of ‘weights™ or
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Figure 5 Four Region World Network

Yrade strengths’ B so that the network takes on a
morve realiatic appearsnce® . in this paper we take
§ bn)

Lhese strengths to be the total exports {in US

for each of the Tour regions, thus

Of course
demaonstrabion. The

these weights are only used here ng a

saleu-

ol mechanism for the

tation of regional weights or trade strengths as well as
how they can be accuralely applied can undoubtedly
be the subject of some discussion.

The worth of a coalition g caleulated by creating a
cut g the network. A cut s defined to be the set of
civecied arcs contalning their “tail” in K and ‘head’
in K¢ {complement of /7). Incorporating the notion
of weights or trade strengths, we define the value or
worth of a coalition |

Emh‘ i (Zi@m fi,,i_}
S ek ONF;

"

v{K) =

Thus [} is a measure of the amount of export that
coalition & might lose if B7 were ;vm%,n%i them. We
view Lhe value of a condibjon as o “cost’ as It represents
a measure of the amount the coalition sz.a:'icls Lo fose.
The value of the grand coalition I {the whole world
cooperating) must be zero, since [ = {} and hence
poses 1o threat. The value of the mull coalition v{¢}
must also be zero, since the players are not obligated

Lo ‘throw away' any porbion ol their benefits/costs,
hence

v{f} = wid) =10, (G}

The value of all other coalitions is given in Table {2).

ch of

of the other regions were unavailabie

The precise data for the amouni of export from es
the four regions to each
at the thme of writing the paper.




Single Player  Double Player Triple Player
(1) = 05286 w(L ‘J) = 04102 {1,253 = 0.3090
p(2) = 0.2504  w(1,3) = 04195 w(1,2.4) = 0.0835
p{3)= 05500 o0, 4)=017838 (1,3, 4) = 0.0805
p{d) = 09314 #{2,3) = 08851 (2.5, 4) = 0.5468
v(2,4) = 0.5879
(5.4) = 0.6553
Table 2: Values of Regional Coalitions

obtain the
sley values for each of the lour world regions in
and

following

Appiying equation (1} we
Shapi
the equivalent ‘0 -
and Jones,

! transformed’ game (see Filar

Graertner, 1805 980}

These values can now be used to allocate the emission
reductions required by the solution of the Stage |
problem.

If we define &{1) to be the difference between the
business as usual emission scenario 77} and the
(1}, then &(1) is the sum of all
the regional adjustments, therefore®

Stage 1 emissions {7

{7

The higher the transformed Shapley value the
greater the reduction and thus penalty to that region.
Note that &(7) represent the total reduction in COy
at fime ¢ to achieve the environ-
mental targel of 400 ppin. Then 8, (¢}, the regional
recductions, can be found by portioning #{1] among
the regions accerding to the iransform Shapley val-

emissions reguired

s
{8)
CLCGGR —ne Foonar
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Tigure §: Shapley Value Bxperiments

Figure {6) displays regional levels of COq emnssion
reductions (according to the Shapley allocation) that
seded in order to aclieve the envi-
ronmental I]zu‘get of 4i0ppm on Oy concentration.
From Figure (8} we see that the former USSR and
Fastern Eumpo and the OBCD (regions Wlnc‘h ar-

must not be ex

guably have contributed most to the greenhouse prob-
lem) are required Lo reduce thelr cmission levels the
least,

STt may be possible for 6-(t} to be negative. This would
mean that the region under consideration is allowed to In 12
This ocourrence may
happen when looking al third world countries.

their emissions for the indicated period,

— 76—

Of course, this Tact may seem unreasonable, as it
indicates that the two regions largely responsible for
the increase in almospheric COs concentration, have

much lower reductions placed on them than other

5. However, we have based our characteris

regi
funciion on regional GNPg, exports and the ratio of
exporis to GNP, consequently, regions that are largely
self-sufficient (regions having a low export to GNP ra-

eg. regiong 1 & 2} would also be under less threal
from others if they chose nol to abide by the emission
This explains the low share of
USSR & Eas

1y low

tio,

reduciions agreements.

the burden assigned to the former
Furape. In the case of OBCD, 3
burden is due to the economic threat it can exert on

St
share of the

others.

6. Comparison of Methodologies

Figures {7)

timjzation and Shapley value approaches to the re-

- (10} show comparisous between the op-

gional emission reduction problem,

is
i “\\l
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Perhiaps, the most significant finding of the pre-

liminary analysis is the demonstration of how sensi-

S BAU -t Optimlzatlen -

" . S
Tawn  doog  zoio zard wopa zoTa Yoeo

{144
Flme fvra)

figoure O China & Centrally Planned Asia



—x— BAU w7 Gplimizedsn -« Shaplay

oz = Tzaan Bove  posg

2030 S
Timu (yra)

o
1BR0 o0 210

Figure 10: Rest of the

ission reduction st

tive the optimal em teries bo the

ring the allocation

philosophy under! eme. For in-

stance, the optimization allocablons with the tar
of p00, = 408 ppm require emission reductions in
the vear 2020 of 19.0% for OECD, 28.7% lor the

former USSR and .{.:,a.st.cm FEurope, 45.5% for China
and centrally planned Asia and 23.2% for the Rest
of the World. The Shapley value allocalions require
emission reductions in the vear 2020 of 14.1% for the
OFECD, 12.7% for the former USSH and Bastern En-
rope, 37.6% for China and centrally planned Asia
36.0% for the Hest of the World, Thus the OECD
the forraer USSR and Pastern BEuvepe are better off
under a Shapley allocation then under an optimiza-
tion scheme.

an
and

7. Conclusions

Ultimately, complex tradeoffs will have to be made
concerning the selection and extent of industries to be
regnlated in order to achieve (internationally agreed
upon) emission reductions, We do not advocate cither
we merely
Ying a

of the allocation schemes discussed here,
point out how a philosophical rationale unde

scheme van be converted to the required emission re-
ductions. Optimal control models, or models based
on game theory could be extremely useful in deter-
mining the ‘hest’ reductions under a number of dif-
ferent rationales and thus can provide useful tools
for the environmental policy analyst. Equally impor-
tant, is that we may have demonstrated that sclution
melthodologies play an tmportant part o detevrmining
allocations of emission reductions.

8. Acknowledgments

The research undertaken in this paper was supported,
in part, by the World Resocurces Institute {WRI),
Washington D.C. the views expressed in
this paper are those of the authors and do not, neces-
sarily, represent those of the World Hesources Insti-
tute. The avthors would also like to thank Radeslaw
their useful comiments

However,

Zapert and Marco Janssen for
and heip in obtaining data.

Please send all correspondence pertaining to this
paper to Paul Gaertner, EMRG, Centre for Indus-
trial and Applied Mathematics, School of Mathemai-
ics, University of South Australis, The Levels, South
Australia, 5005, Australia.

77—

3. References

fBraddock, R.D., J.A. B. Zapert, d.G. den
Elzen and J. Ro‘mm ical formula-
tion of the IMAGE !,

Bl

Applied M’(uhrmafﬂffzf Unﬁ’([fzuq 18,

1994,
~onomist Books, The Fronomast Hook
Warld Stafistics, Introduction by R.L

aoks, 16 - 17, 1944,

¢

af Vil

af

Samnel-

son, Trmes B

Breat, R.P., Algorithms for minimization withoui
derralin Prentice-Hall series in Automatic

Computation, 1973,
J.AL Global climate change and the theory of
vames, Technical Reporl, CFAM, School of Math-
ernatios, University of South Australia, 1904,

LA, PE Gaertner and MUAL An
tion of optimization Lo the problem of
Inr PM. Pardalos (LA

onconper opfimization and its

FFilar,

Filar,
applic
climate change,

8

applications, {to appear), 1995

JA. and PS5

tion of world COp emission reductions; A game

theorptic perspective, Technical Hepord, C1AM,

Sehool of Mathematics, University of South Aus-

1995,
and P.M, Pardalos {Editors),
hal optirmization,

2, Kluwer

Janssen,

gl

flondas {ed

Filar, Ciaerlner, Hegional alloca-

traha,

Herst, R
of glo
and applications Vol

1995.

Handbook
Nongonver oplumzalion
Academic Pub-
Lishers,
1P
to

J

Climate Change: The supplementary repori

the TROC scentific assessment, Bdited by

T Houghton, B.A. Callander and 5. K. Varney

mbridge University Press, 18902

Jones, A,
of conflict,
£. Horwood {editor},
York, TH80.

MATLAB,
MATLARB, The

Game theory: Malhermaticel models
Mathematics and ils AppHealions,
John Wiley & Souns, New

with

Oplimization focthow:  For use

Math Works Inc., 1999
Nordhaus, W.D., Managing the global commons:

The cconomics of climate change, MIT Press,
MA, USA, 1984

Cambridge,

Cwen, G, Game Theory, W.B. Saunders Company,

1968,
Press, W.H., B.P. IManne S A, Teukolsky, and
W.T. Veiterling, Numerice!l vecipes itn 0 The

art of scientific computing, Cambridge Univer-

sity Press, Cambridge, 1988,
Rotmans, J. IMAGHE: An Iniegrated Model 1o As-
sess the Greenhouse Effect, PhiD. thesis, Kluwer

Academic Press, Dordrechl, The Netheriands,
1940,
Fapert, R.. Uacerfamiy Analysis of Enhanced

Crreenfronse Effect Models, PhoD). Thests, Depart-
ment of Mathematies, University of Maryiand
Baltimore County, Maryland, TISA, 1994,



